A simple model for an interface moving in a disordered medium is presented. The model exhibits a transition between the two universality classes of interface growth in the presence of quenched disorder. Using this model, it is shown that the application of constraints to the local slopes of the interface produces avalanches of growth that become relevant in the vicinity of the depinning transition. The study of these avalanches reveals a singular behavior at the depinning transition that explains a recently observed divergency in the equation of motion of the interface. The anisotropy in the medium is also studied as a possible source of the divergency in the equation of motion. In a recent numerical study, Amaral et al. [2] have shown that the universality classes can also be classified according to the behavior of the coefFicient A of a nonlinear term of the form (V'y)2 in the equation of motion of the interface.
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The problem of interface motion in disordered media has attracted considerable attention recently [1] . In a typical realization of the problem a d-dimensional interface moves in a (d + 1)-dimensional disordered medium, driven by an external force E. The interface is assumed to be oriented along the longitudinal x direction, and is specified by the height y(x, t). For small forces the in- terface is pinned by the random quenched impurities of the medium, and the average velocity is zero. Above a critical value E, the external force overcomes the effect of the impurities, and the interface moves with a Gnite velocity. Near the threshold, the velocity scales as where f-:I " /I", -1 is the reduced force, and 0 the velocity exponent.
The Huctuations of the interface are characterized by the scaling of the local interface width ut(E) with the size of the window of observation S The roughness exponent o, characterizes the different universality classes of interface growth phenomena.
In a recent numerical study, Amaral et al. [2] have shown that the universality classes can also be classified according to the behavior of the coefFicient A of a nonlinear term of the form (V'y)2 in the equation of motion of the interface.
One of the universality classes is described by an equation similar to the Kardar-Parisi-Zhang (KPZ) equation [3] but with a quenched disorder term rl(x, y) B,y(x, t) = V'y + A(V'y)' + rl(x, y) + I' with the coefFicient A diverging at the depinning transition as A(f) f (4) where P 0.64 [2] . The roughness exponent at the depinning transition in (1 + 1) dimensions is n 0.63 and can be obtained by a mapping onto directed percolation [4, 5] . We refer to this universality class as directed percolation depinning (DPD).
A second universality class is described, at the depinning transition, by an equation of the Edwards-Wilkinson type [6] with quenched disorder Bt y(x, t) = V'y + il (x, y) + Il'.
(5)
Models with A = 0 (for any force), or A m 0 (when F -+ I" +), belong to the universality class of (5) . Analytical [7] and numerical [8] Edwards-Wilkinson (JEW).
In this paper we study the possible mechanisms that generate the different scaling behavior inherent to each universality class. In particular, we study the origin of the singularity in the coefFicient A observed for the DPD universality class.
In the first part of the paper, we argue that the different universality classes arise due to constraints imposed on the local slopes of the interface. To illustrate this point, we introduce a simple model that exhibits a transition between the two universality classes of interface growth in disordered media. When the constraint to the slopes is absent, the JEW universality class is obtained, and a super-rough interface [12] The generalized SOS condition is a universal feature appearing in all the models of the DPD universality class. It is referred to as "erosion of overhangs" in Ref.
[5], and it is analogous to the restricted SOS condition that imposes a bound in the local slope of the interfacẽ y(x 6 1, t) -y(x, t)~( 1. The restricted SOS condition was originally introduced in simple models of growth with time-dependent noise [13] . In these type of models, the constraint to the slopes is commonly associated with lon- 
The first term on the right hand side of (6a) includes the elastic force acting to make the interface smooth. For the x direction we include a constant force of value -v that mimics the elastic nearest-neighbor interaction, and opposes longitudinal motions [15] . The random force, which mimics the efFect of quenched disorder in the medium, is represented by rI(k, yk), and it is an uncorrelated random number with uniform probability distribution between [ In the second part of the paper, we discuss our results in light of a recent study by Tang et at. [14] . In particular, the anisotropy in the medium is studied as a possible source of the nonlinearity A(V'y)2 at the depinning transition.
Consider a one-dimensional elastic interface moving in a two-dimensional disordered medium of longitudinal size [16, 17] . 
Equations (6a) and (7a) correspond to the model introduced by I eschhorn [9] to study an elastic interface de- scribed by the JEW equation, and they are equivalent to the discretization of (5) . Equations [9] . The diferent parabolas obtained for a given value of v (v can be rescaled using the scaling ansatz [2] v(m, f) fs g(m2/fs+~), where g is a universal scaling function. Support for (8) is provided by the data collapse shown in Fig. 3 , where we replot the data of Fig. 2 im- purities, and the ratio n /n" increases near I', . This also implies that avaLanche events become reLevant for the mo tion of the interface onLy in the vicinity of the depinning transition.
We also study the mean value of the size of the avalanches produced by the generalized SOS condition per unit time (s) as a function of the tilt and for different forces. Figure 4 shows the results. As it turns out, (s), as well as the velocity [26] , has a parabolic dependence on m. These parabolas become steeper as F~F+, and we can fit (s) to (10b) and P 0.64 the same exponent as in (4) . The parabolas can also be rescaled using the scaling ansatz (8) with the same value of 0 used for the velocity curves.
As shown in Fig. 1(c) , the size of an avalanche is larger for the tilted interface than for the untilted one. This explains the increase of (s) with the tilt, exemplified in Fig.  4 [4] a slope constraint is applied to the interface that implies a readjustment of the height regardless of the value of the noise. The so-called erosion of overhangs in the model of Ref. [5] corresponds to our generalized SOS condition. And the model of Ref. [19] presents a restricted SOS condition that produces avalanches of growth (see Ref. [20] ).
The relevance of the constraint imposed on the slopes might explain some experimental results as well. The agreement between the exponents of the paper burning experiment of Ref. [24] and the imbibition experiments of Ref. [5] , with the exponents of the DPD universality class, can be understood due to the erosion of the invaded region observed in experiments being analogous to the erosion of overhangs imposed in the numerical models.
Next, we discuss our results in light of a recent analytical study by Tang et al. [14] . In this study the universality classes are classified according to the dependence of the threshold force on the slope F,(m), instead of the dependence of the velocity v(m, f) on the slope, as was originally proposed by Amaral et al. [2] . Tang et al. also propose a set of scaling relations that explain most of the exponents obtained in the numerical calculations [2] . They also show t'hat for the DPD class of models the critical force depends on the external tilt in the form [14] F.(m) - dt~ghr (x (12) A similar equation was considered by Maritan et al. [22] to study the dynamical behavior of a growing interface in time-dependent noise dominated problems. Notice that this formulation allows for overhangs and it is invariant under a general reparametrization of the curve [22, 23] .
A numerical integration of such an equation is quite complicated, so we now introduce a model that corresponds to the discrete version of (12) , and is in the spirit of the model of Eqs. (6) and (7) . The To study the efFects of the anisotropy of the medium, we introduce a model for the anisotropic Aux line that incorporates the above considerations. We consider the line to be described by We propose the following equation of motion for the anisotropic Aux line:
where gs = (xi+i -xi, ) + (yi, +i -yi, ), and A i~gg is the discretization of the line energy of the flux line. The strength of the external force I" =~E~i s kept constant, and its direction is determined by the lo- cal unit normal at each position k, n = (n (k), n"(k)).
A regularization condition is applied so that the beads are not allowed to occupy the same column at the same time. A random force g = (g (k), g&(k)) is defined for The Hux line takes advantage of the allowed longitudinal motions to surround the strong pinning con6gurations, as can be observed in the trajectories of the beads. Also, since A & A", longitudinal motions are more favorable than transversal motions. However, the fact that the flux line develops large slopes at the depinning transition, as the QEW interface, suggests that all these mechanisms become "irrelevant" at the critical point. The absence of constraints in the local slopes generates an interface characterized by large slopes and a roughness exponent close to one, as is observed also for the QEW interface. (6) and (7) for v = 0.4, and a QEW interface (5b) defined by (6) and (7) for v = 3.0. Notice the similarity between the QEW interface and the Hux line model: both models develop large slopes at the depinning transition. This similitude is due to the fact that both models are Bee of constraints in the local slopes. A rather different interface is obtained when constraints to the growth of the local slopes are imposed, as can be observed for the DPD interface.
In our numerical simulation with the flux line model, we first focus on the slope dependence of the threshold force. We start &om a flat line at time t = 0, and we apply a small external force F. Growth proceeds according to Eqs. (13) and (14) until the Hux line reaches the first pinning configuration and stops. Then, the value of the force is slightly increased so that the line will move until the next pinning configuration. The threshold force E, corresponding to a given system size, is identified as the force for which the flux line moves a distance of the order of the system size without finding a pinning configuration. Figure 6 (a) shows the threshold force E,(m) as a function of the tilt m for the anisotropic flux line. Contrary to the behavior of the DPD models for which a decrease of the critical force with the tilt is expected [see Eq. (11)], we find that for the anisotropic Hux line the critical force increases with the tilt for both sets of disorder strengths. We have also studied the slope dependence of the velocity v(m, f) in order to identify the efFective coefficient A(f). We were able to identify a negative coefEcient A that goes to zero at the depinning transition. However, due to the large fluctuations of the velocity near the depinning transition, our numerical results are not good enough to obtain an estimation of the exponent P.
We notice that a negative vanishing A is consistent with our findings for the threshold force. We also study the scaling of the local width m with the size 1 of the window of observation iv(E) l, and we find a roughness exponent n 0.83 at the depinning transition [ Fig. 6(b) ].
We are left with the conclusion that the anisotropic flux [14] . A potentially important difference between the discrete flux line model studied here and the continuum model considered by Tang et al. is that in Ref. [14] only the normal inotion to the interface plays a role, while the discrete flux line has an internal structure, and we have explicitly included longitudinal motions. A more general study is needed, and we propose that other models of interface growth in disordered media which might be suitable to include anisotropic effects, such as the random Beld or random bond Ising model [26] , or the Huid invasion model [27] , should be considered as well.
In conclusion, we present a simple model for an elastic interface moving in a disordered medium, which captures the relevant features of the two universality classes. The origin of the singular behavior in the equation of motion of the DPD class of models is explained by simple microscopic constraints -such as the erosion of overhangs in Ref. [5] or restricted SOS in [4] -imposed on the local slopes of the interface that generates irreversible avalanches of growth. Our results are discussed in light of a recent study by Tang et al. , where it was proposed that the anisotropy in the medium generates a DPD behavior.
We introduce and study a reparametrization invariant Qux line model for which the anisotropy can naturally be considered. We 6nd that the model does not present the expected DPD behavior. However, we argue that other manifestations of the anisotropy should be considered as well, and more numerical work needs to be done in order to determine the effects of the anisotropy on the motion of interfaces in disordered media.
